We suggest simple models which produce the suitable fermion mass hierarchies and flavor mixing angles based on the N = 1 supersymmetric SO(10) grand unified theory compactified on a T 2 /(Z 2 × Z ′ 2 ) orbifold. We introduce extra vector-like heavy fields in the extra dimensions, and the suitable fermion mass hierarchies and flavor mixings are generated by integrating out these heavy fields. We consider supersymmetry breaking mechanisms and their flavor structures.
Introduction
Grand unified theories (GUTs) are very attractive models in which the three gauge groups are unified at a high energy scale. However, one of the most serious problems to construct a model of GUTs is how to realize the mass splitting between the triplet and the doublet Higgs particles in the Higgs sector. This problem is socalled triplet-doublet (TD) splitting problem. A new idea for solving the TD splitting problem has been suggested in higher dimensional GUTs where the extra dimensional coordinates are compactified on orbifolds [1] - [6] . In these scenarios, Higgs and gauge fields are propagating in extra dimensions, and the orbifolding realizes the gauge group reduction and the TD splitting since the doublet (triplet) Higgs fields have (not) Kaluza-Klein zero-modes. A lot of attempts and progresses have been done in the extra dimensional GUTs on orbifolds [7] - [17] . Especially, the reduction of SO(10) gauge symmetry and the TD splitting solution are first considered in 6D models in Refs. [8] [9] .
As for producing fermion mass hierarchies, several trials have been done in the extra dimensional GUTs on orbifolds [4] [10] [12] [15] [16] . The model in Refs. [10] can induce the natural fermion mass hierarchies and flavor mixings based on a 6D N = 1 SUSY ((1,0)-SUSY) SO(10) GUT where the 5th and 6th dimensional coordinates are compactified on a T 2 /Z 2 orbifold. In this scenario, we introduce extra vector-like generations, 2 × (ψ 16 4 + ψ 16 4 ) and (ψ 16 5 + ψ 16 5 ), which propagate 6 and 5 dimensions, respectively. Assuming that 4th (5th) generation vector-like fields only couple to the 1st (2nd) generation chiral fields, the suitable fermion mass hierarchies and flavor mixings are generated by integrating out these vector-like heavy fields. The mixing angles between the chiral fields and extra generations have been determined by the volume suppression factors. The extension of this model has been considered in Ref. [11] where the values of m e , m d , V us , and V e3 have been improved by extending the vector-like extra generations and their configurations in the extra dimensions.
However, there is a difficulty in this scenario. That is the lack of 5D fixed lines, which can not guarantee (ψ 16 5 +ψ 16 5 ) existing only in 5 dimensions, not spreading in 6 dimensions * . In this paper, we will modify our model by using the orbifold, T 2 /(Z 2 × Z2 ′ ). The SO(10) GUT on T 2 /(Z 2 × Z ′ 2 ) has been also considered in Refs. [9] [16] . This modification has no effect to the zero modes of fields, so that the mechanism of creating the fermion mass hierarchies is not changed. The gauge symmetry reduction and the TD splitting are the same as those in the T 2 /Z 2 orbifold. The gauge and Higgs fields live in 6 dimensions † and the orbifolding and boundary conditions make the SO(10) gauge group be broken to SU(3) C × SU(2) L × U(1) Y × U(1) X and realize * We would like to thank T. Kugo for pointing out this serious problem. † N = 1 SUSY ((1,0)-SUSY) in 6 dimensions requires the gauginos to have opposite chirality from the matter fermions which must all share the same chirality [3] [18] . The 6D irreducible gauge anomaly do cancel between a gauge multiplet and two 10 hypermultiplet or between a 16 (or 16) and a 10 hypermultiplet. Other reducible anomalies can be canceled by the Green-Schwarz mechanism [19] . the TD splitting. We will also show two more models discussed in Ref. [11] .
We have considered the SUSY breaking mechanism in our models. In the gaugino mediation scenario, the vector-like matter fields in extra dimensions can directly couple to the SUSY breaking fields, which induces non-universal contributions to SUSY breaking masses for the light matter fields. These non-universal SUSY breaking masses give rise to too large flavor changing neutral current (FCNCs) and there is a serious phenomenological problem. In the gauge mediation scenario, the SUSY breaking masses for the light matter fields are universal and the FCNCs are naturally suppressed as in 4D models. Therefore, the gauge mediation scenario is suitable for the SUSY breaking mechanism in the three models.
We discussed the fermion mass hierarchy in the 6D N = 1 SUSY ((1,0)-SUSY) SO(10) GUT [10] . The extra dimensions are compactified on a T 2 /(Z 2 × Z ′ 2 ) orbifold[9] [16] . The structure of extra 2D spaces are characterized by reflection P (Z 2 ), P ′ (Z ′ 2 ), and translations T i (i = 1, 2). Under the reflection P and P ′ , (x 5 , x 6 ) is transformed into (−x 5 , x 6 ) and (x 5 , −x 6 ), respectively. Under the translation T 1 and T 2 , (x 5 , x 6 ) is transformed into (x 5 + 2πR 5 , x 6 ) and (x 5 , x 6 + i2πR 6 ), respectively, where R 5 and R 6 are the two radii of T 2 . The physical space can be taken as 0 ≤ x 5 < πR 5 and 0 ≤ x 6 ≤ πR 6 . Thus the T 2 /(Z 2 × Z ′ 2 ) orbifold is just the same as the
orbifold. There are four fixed points at (0, 0), (πR 5 , 0), (0, πR 6 ) and (πR 5 , πR 6 ), and two fixed lines on x 5 = 0 and x 6 = 0 on the orbifold.
Here we show the decomposition of the 6D scalar field Φ(x µ , x 5 , x 6 ) according to the eigenvalues of (P, T 1 , P ′ , T 2 ) (= (P, T 1 ) 5 ⊗ (P ′ , T 2 ) 6 ):
where M = 5, 6. Notice that only Φ ++++ has a massless zero-mode and survives in the low energy. We consider the set-up that the gauge multiplet and two 10 representation Higgs multiplets propagate in the 6D bulk and the ordinal three-generation matter multiplets (16 i , i = 1, 2, 3) are localized on the 4D brane, (0, 0). These field contents are free from gauge anomaly in 6 dimensions [3] . We adopted the translations as T 51 = σ 2 ⊗I 5 and T 5 ′ 1 ′ = σ 2 ⊗diag.(1, 1, 1, −1, −1), which commute with the generators of the Georgi-Glashow SU(5) × U(1) X [20] and the flipped SU(5) ′ × U(1) ′ X [21] groups, respectively [8] [9] . Then, translations (T i ) make the SO(10) gauge group be broken to SU(3) C × SU(2) L × U(1) Y × U(1) X and realize the TD splitting since the doublet (triplet) Higgs fields have (not) Kaluza-Klein zero-modes.
For the matter fields, we introduced additional vector-like hypermultiplets, ψ 16 and ψ 16 , in the bulk. This theory is 6D N = 1 SUSY with vector-like matter fields. The hypermultiplet, ψ 16 and ψ 16 , which propagate in the 6D bulk are classified into four types as,
Equation (6) shows zero-mode fields in each type of 16 representation field. As for ψ 16 fields, they are given as Q → Q, U → U, and so on in Eq. (6) . Similarly, when the hypermultiplet ψ 16 propagates in the 5D bulk (x 6 = 0), we can classify ψ 16 s into the two types below,
where the ± sign represents the T 1 parity.
Fermion mass hierarchies and flavor mixing
Here let us review the mechanism of generating fermion mass hierarchies in Refs.[10] [11] briefly. We will show three models below following Refs.[10] [11] . In all three models, we put Higgs fields, H 16 and H 16 , on the 4D brane, (0, 0), which are assumed to take vacuum expectation values (VEVs) of O(10 16 ) GeV in the directions of B − L. We also impose the Peccei-Quinn symmetry and its charge on the multiplets: all matter multiplets have its charge 1, 10 representation Higgs multiplets have its charge −2, and 16 and 16 representation Higgs multiplets have its charge −1. The superpotential of the Yukawa sector on the brane at (0, 0) is given by (we call them the 4th generation fields) which propagate in the 6D bulk and interact with only the 1st generation matter multiplets. In 5D bulk (x 6 = 0), we introduced ψ 16 + +ψ 16+ ≡ ψ 16 5 +ψ 16 5 , (we call them the 5th generation fields) which interact only with the 2nd generation matter multiplets [10] . Then, in addition to the superpotential in Eq.(8), the following interactions between the chiral and extra generation fields on the 4D brane, (0, 0),
Here we assume that the vector-like masses which mix the 4th and the 5th generations are forbidden by the fundamental theory. After integrating out the 5th and the 6th dimensions, the interactions in Eq. (9) induce the mass terms for the Kaluza-Klein zero-modes of vector-like matter fields ‡ as,
where H 16 = H 16 ≡ v N and ǫ i s are the volume suppression factors,
These volume suppression factors ǫ 1,2 play crucial roles for generating the fermion mass matrices in the low energy § . Now we set 1/R 5 = 1/R 6 = O(10 16 ) GeV, which means ǫ i ≃ λ 2 ∼ 0.04, where λ is the Cabibbo angle, λ ∼ 0.2. After integrating out the heavy fields, the model gives the following mass matrices in the up quark sector, the down quark sector, and the charged lepton sector [10] ,
For the 6D gauge anomaly cancellation, four 10 representation matter fields should also be introduced in 6D bulk. However, they have nothing to do with the fermion mass hierarchies due to the PQ-symmetry, since mass terms are generated through the interactions at (0, 0), Here we assume all Yukawa couplings are of order one. W ψ10 ∼ 1
. § The zero-modes of the 4th and 5th fields have vector-like masses of ǫ 4 1 v 2 N /M * and ǫ 2 2 v 2 N /M * , respectively. Since these zero-modes make SU(5) multiples we can expect that the gauge coupling unification is not spoiled.
respectively. v and v are the vacuum expectation values of the weak Higgs doublets in 10 representation Higgs multiplets. We write the mass matrices in the basis that the left-handed fermions are to the left and the right-handed fermions are to the right. We notice that all elements in the mass matrices have O(1) coefficients. The fermion mass hierarchies are given by
with the large tan β. The mass matrix of three light neutrinos m (l) ν through the see-saw mechanism [22] as
M R is about 10 14 GeV induced from the interaction at (0, 0),
where i, j = 1 ∼ 3 are the generation indices. We can obtain the suitable mass scale (O(10 −1 ) eV), for the atmospheric neutrino oscillation experiments, taking account for the SO(10) relation of y u ≃ y ν . As for the flavor mixings, the CKM [23] and the MNS [24] matrices are given by
They suggest the suitable flavor mixings roughly in order of magnitudes. They give us a natural explanation why the flavor mixing in the quark sector is small while the flavor mixing in the lepton sector is large [25] - [27] . However, they suggest too small Cabibbo angle and too large V e3 . For the suitable values of them, we need suitable choice of O(1) coefficients in mass matrices as in Ref. [25] . Or, if O(1) coefficients are not determined by a specific reason (symmetry) in the fundamental theory, it is meaningful to see the most probable hierarchies and mixing angles by considering random O(1) coefficients [27] . Anyway, if the fermion mass hierarchies and flavor mixing angles should determined from the fundamental theory in order (power of λ) not by tunings of O(1) coefficients, we should modify this scenario. We show two examples of the modifications below.
(2). Model I In the first modification, which we call Model I [11] , we introduce the additional vectorlike matter multiplets propagate in the bulk. The additional matter multiplets are 4 (we call them the 4th generation fields) which propagate in the 5D bulk (x 6 = 0 fixed line) and interact with only the 1st generation. They have PQ charge 1 as the other matter fields have. In this case the following terms are added to Eq.(9)
When 1/R 5 = 1/R 6 = O(10 16 ) GeV, which means ǫ 1 ∼ ǫ 2 ∼ λ 2 , the fermion mass matrices in the low energy [28] are given by integrating out the heavy vector-like fields as,
They induce the more suitable fermion mass hierarchies in the power of λ for the down quark and the charged lepton sectors,
with large tan β. In order to obtain the realistic neutrino mass hierarchy and LMA solution which is consistent with neutrino oscillation experiments, the rank of 2 × 2 sub-matrix in the 2nd and the 3rd generations in m (l) ν should be reduced, and the light eigenvalue of this sub-matrix should be of O(λ 2 ). Then we might obtain the hierarchical type of neutrino mass, m 1 , m 2 ≪ m 3 [29] .
As for the flavor mixings, the CKM and the MNS matrices are given by
where the MNS matrix has the large 1-2 and 2-3 mixings because of the assumption of the rank reduction. This case induce small value of U e3 . The CKM matrix has the same structure as in the Model 0. Needless to say, the suitable V us can be easily obtained by choosing the O(1) coefficients. When 1/R 5 = O(10 16 ) GeV and 1/R 6 = O(10 17 ) GeV, which means ǫ 1 ∼ λ 3/2 , fermion mass matrices are changed as [30] ,
This case suggest the fermion mass hierarchies as
with large tan β. The hierarchical neutrino mass pattern is also obtained when the rank of neutrino mass matrix is reduced. As for the flavor mixings, the MNS matrix is the same as the previous case. However, the CKM matrix is modified as,
The hierarchal structure of the above CKM matrix nicely reproduces the experimental data [31] . The Cabibbo angle has the suitable value with the relation of λ ∼ m d /m s . Therefore we can conclude that the second choice of radius, R 5,6 is more suitable for the fermion mass hierarchies and flavor mixings.
(3). Model II Here let us show the second modification, which we call Model II [11] . We introduce extra matter multiplets in addition to the previous model [ 5 (we call them the 5th generation fields) which propagate in the 5D bulk (x 6 = 0) and interact with only the 2nd generation matter multiplet, ψ 16 − + ψ 16− ≡ ψ 16 6 + ψ 16 6 (we call them the 6th generation fields) which propagate in the 5D bulk (x 6 = 0) and interact with only the 3rd generation matter multiplet. All of them have 1 PQ charges. In this case, the following terms are added to Eq.(9), 
The forms of these mass matrices are the same as those of the first case of Model I except for the overall factors. Thus the suitable fermion mass hierarchies of the quark and the charged lepton sectors are the same as Eq. 
This case also shows the small tan β. These mass matrices induce the fermion mass hierarchies of the quark and the charged lepton sectors as 
The flavor mixing matrices are given by
Here we assume the reduction of rank in the neutrino mass matrix, m (l) ν , for obtaining this MNS matrix.
SUSY breaking and flavor mixings
Let us discuss an origin of SUSY breaking in our model. An interesting SUSY breaking mechanism is the gaugino mediation scenario [32] . In this scenario, SUSY is broken at a spatially different place in extra dimensions. In the 6D model, there are three fixed points where we can put a SUSY breaking field, S = θ 2 F . Since the gauge multiplets live in the 6D bulk, the gauginos receive the SUSY breaking masses through a direct interaction with S. If S is located at the fixed point (πR 5 , 0), it is possible to write an interaction as,
This interaction gives rise to the gaugino masses as M g i = ǫ 2 1 F/M * ≡ ǫ 2 1 m. The SUSY breaking for matter fields depend on the configuration in extra dimensions. We will show them in Model 0−II.
(1). Model 0
Since the ordinal matter multiplets 16 i are localized on the 4D brane (0,0), there is no direct coupling to S and 16 i receive SUSY breaking masses through the renormalization effect of the gaugino masses. On the other hand, the 6D matter fields can have a direct coupling to S as follows,
This coupling induces the SUSY breaking mass to the zero-modes of the 6D matter fields at the compactification scale as,
The 5D fields can also have a direct coupling with S as
and this coupling induces the SUSY breaking for the zero-modes as
After integrating out the vector-like heavy fields, the SUSY breaking for light matter fields are given by 
where 10 = ( Q, U , E) and 5 = ( D, L). This is an initial condition around the compactification scale. Due to renormalization effects from the compactification scale to the electroweak scale, additional SUSY breaking masses of order of the gaugino masses are generated to the diagonal terms.
Let us consider phenomenological consequences of the SUSY breaking. If we take the gaugino masses as O(10 2 ) GeV, (m 10 ) 11 = O(10 2 ), and (m 10 ) 22 = O(10 4 ). This means that the mass difference between the first and the second down-type squarks is O(10 4 ) GeV. In addition, from Eq.(12), the mixings for the down-type squarks are O(1). These mass spectra give rise to too FCNCs, such as the K 0 K 0 mixing, since the experimental data of the K 0 K 0 mixing gives a constraint to the squarks mixings as
where m 2 d = (m 2 d 1 m 2 d 2 ) 1/2 . Furthermore, if the second generation sfermions are very heavy, the sfermion masses for the third generation may be destabilized through the 2-loop renormalization effect [34] .
If S is localized on the 4D brane (0, πR 6 ) or (πR 5 , πR 6 ), the 6D matter fields obtain the SUSY breaking through the interaction in Eq.(31) and the SUSY breaking masses for the light matter fields are given by
From the similar argument in Eq.(37), these mass spectra give rise to too large FCNCs, therefore, the gaugino mediation scenario is not suitable for Model 0. For another possibility of the SUSY breaking mechanism, we consider the gauge mediation scenario. We introduce a U(1) gauge field in the bulk, which transmits SUSY breaking [35] . Here, we do not specify the dynamical SUSY breaking sector since the mass spectra of the MSSM fields do not depend the detail of them. We assume that the messenger sector is localized on the 4D brane (πR 5 , 0) and introduce N pairs of vector-like messenger fields, 5 i M and 5 i M , which are 5 and 5 representations of the SU(5) group, respectively. We consider the following superpotential for the messenger sector.
where S = M + θ 2 F S is a spurion superfield, which represents the SUSY breaking. We assign the PQ charge 0 to 5 α M , 5 α M , and S. The SUSY breaking effect is induced to the MSSM sector through the SM gauge interactions. The gaugino and sfermion masses are given by
where a(= 1 − 3) represents the gauge groups and C a (f ) is the quadratic Casimir for the sfermions. Since the sfermion masses are determined by the gauge quantum number, the SUSY breaking masses are the same for the vector-like heavy fields. As a result, the SUSY breaking masses for the light matter fields are universal around the messenger scale ¶ . Although small flavor mixing effects are induced to the sfermion masses through the renormalization effect between the messenger scale and the electroweak scale, the flavor mixing for sfermions are naturally suppressed as in the 4D gauge mediation scenario. Therefore the gauge mediation scenario is viable in Model 0.
(2). Model I Let us consider the gaugino mediation scenario in Model I. First, we consider the case where S is localized on the 4D brane (πR 5 , 0). The 6D matter fields obtain the SUSY breaking mass as in Eq (32) . For 5D matter fields, ψ 16 5 and ψ 16 5 , the SUSY breaking masses are induced as in Eq. (34) . In addition, ψ ′′ 16 4 and ψ ′′ 16 4 have a direct coupling to S as
and this coupling induces the SUSY breaking as After integrating out the vector-like heavy fields, the SUSY breaking masses for the light matter fields are given by,
These mass spectra also suffer from the phenomenological problem as in Model 0. For the cases where S is localized on the 4D brane (0, πR 6 ) or (πR 5 , πR 6 ), the SUSY breaking masses are the same as in Model I. Therefore, the gaugino mediation ¶ The vector-like matter fields in extra dimension do not have a coupling to S in the superpotential, such as W = 1 M 3 * S ψ 16 5 ψ 16 5 δ(x 5 − R 5 )δ(x 6 ), since all the matter fields have the PQ charge 1. It is possible to have direct couplings between the vector-like matter fields and S, such as 
For the 5D matter fields, the following interaction is add to Eq.(34). After integrating out the vector-like heavy fields, the SUSY breaking masses for the light matter fields are given by, 
These mass spectra also suffer from the phenomenological problem as in Model 0. For the cases where S is localized on the 4D brane (0, πR 6 ) or (πR 5 , πR 6 ), the SUSY breaking masses are the same as in Model I. Therefore, the gaugino mediation scenario is not suitable in Model II. On the other hand, the gauge mediation is suitable as in Model 0.
Summary and Discussion
In this paper, we have shown three models based on the 6D N = 1 SUSY SO(10) GUT where the 5th and 6th dimensional coordinates are compactified on a T 2 /(Z 2 × Z ′ 2 ) orbifold. The gauge and Higgs fields live in 6 dimensions while ordinal chiral matter fields are localized in 4 dimensions. We have shown briefly three models which can produce the suitable fermion mass hierarchies and flavor mixings. In the models, the three-generation chiral matter fields are localized at the 4D wall, and the suitable fermion mass hierarchies and flavor mixings are generated by integrating out vectorlike heavy generations.
We have considered the SUSY breaking mechanism in the three models. In the gaugino mediation scenario, the SUSY breaking masses for the light matter fields are not universal since we have introduced vector-like matter fields in extra dimensions. These SUSY breaking masses give rise to too large FCNCs and there is a serious phenomenological problem. In the gauge mediation scenario, the SUSY breaking masses for the light matter fields are universal and the FCNCs are naturally suppressed as in 4D models. Therefore, the gauge mediation scenario is suitable for the SUSY breaking mechanism in the three models.
